Malaysian Journal of Mathematical Sciences 18(1): 9-38 (2024)
https://doi.org/10.47836/mjms.18.1.02

fuenl mﬁm Malaysian Journal of Mathematical Sciences
@“ ‘J T Journal homepage: https://mjms.upm.edu.my
i

On Soft Bitopological Ordered Spaces

Shalil, S. H.*1, El-Sheikh, S. A.}?, and Kandil, S. A.13

' Mathematics Department, Faculty of science, Helwan University, Cairo, Eqypt
2Mathematics Department, Faculty of Education, Ain Shams University, Cairo, EQypt
SMathematics Department, Canadian International College, Cairo, EQypt

E-mail: slamma_elarabi@yahoo.com
*Corresponding author

Received: 8 July 2023
Accepted: 14 November 2023

Abstract

This paper introduces soft bitopological ordered spaces, combining soft topological spaces with
partial order relations. The authors extensively investigate increasing, decreasing, and balanc-
ing pairwise open and closed soft sets, analyzing their properties. They prove that the collection
of increasing (decreasing) open soft sets forms an increasing (decreasing) soft topology. The
paper thoroughly examines increasing and decreasing pairwise soft closure and interior opera-
tors. Notably, it introduces bi—ordered soft separation axioms, denoted as PST; (PST;, PST;,
PST;™)—ordered spaces, ¢ = 0, 1, 2, showcasing their interrelationships through examples. It
explores separation axiom distinctions in bitopological ordered spaces, referencing relevant lit-
erature such as the work of El-Shafei et al. [5]. The paper investigates new types of regularity and
normality in soft bitopological ordered spaces and their connections to other properties. Impor-
tantly, it establishes the equivalence of three properties for a soft bitopological ordered space sat-
isfying the conditions of being T'P*-soft regularly ordered: PST>—ordered, PSTi-ordered, and
PSTy-ordered. It introduces the concept of a bi—ordered subspace and explores its hereditary
property. The authors define soft bitopological ordered properties using ordered embedding
soft homeomorphism maps and verify their applicability for different types of PST;—ordered
spaces, ¢ = 0,1,2. Finally, the paper identifies the properties of being a T'P*; (PP*)—soft
T3 —ordered space and a T'P-soft Ty-ordered space as a soft bitopological ordered property.

Keywords: soft bitopological ordered space; increasing (decreasing) pairwise soft closure op-
erator; PST; (resp. PST;, PST;, PST;")—ordered spaces; (i = 0,1,2), TP (PP,
TP*, PP*)—soft Ts—ordered spaces; T'P—soft Ty—ordered space.
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1 Introduction

In the field of mathematics, the concept of topological ordered spaces, as introduced by Nach-
bin [24], is a fundamental framework that combines partial order theory with the principles of
topological spaces. Building upon this foundation, researchers such as McCartan [22] explored
the application of monotone neighborhoods to investigate ordered separation axioms within topo-
logical ordered spaces. Abo-Elhamayel et al. [6] introduced a novel class of separation axioms,
leveraging the concept of limit points of a set, thus contributing to the evolving landscape of topo-
logical ordered spaces.

In real-life problem-solving, the inherent vagueness and uncertainty have led to the develop-
ment of mathematical tools like fuzzy sets, intuitionistic fuzzy sets, rough sets, vague sets, and
soft sets. Molodtsov’s pioneering work [23] introduced the notion of soft sets, offering an effec-
tive means to handle these challenges. Subsequently, Maji et al. [21, 20], Aktas and Cagman [1],
Senel and Cagman [27, 29], Shabir and Naz [30], and Hussain and Ahmad [14] expanded upon
the theory of soft sets, exploring their applications in decision-making and algebraic structures.

Al-shami’s work [2] and the research by Tantawy et al. [33] have introduced innovative soft
separation axioms, incorporating partial belong and total non-belong relations, and employing
the concept of soft points, respectively. Exploring the intricacies of soft neighborhood systems,
Zorlutuna et al. [34], Nazmul and Samanta [25], Gocur et al. [13], and Hussain et al. [15] have
introduced and examined diverse features associated with soft topological spaces and their sepa-
ration axioms. Expanding on the understanding of soft topological spaces, Singh and Noorie [32]
have further enriched this domain. In 1963, Kelly [18] introduced the concept of a bitopological
space, presenting it as a more intricate structure compared to a topological space. More recently,
Sharma et al. [31] innovatively introduced a novel form of weak open sets through the process of
idealization within the context of bitopological spaces.

El-Sheikh et al. [12] and Ittanagi [16] introduced innovative extensions to soft topological
spaces, namely, supra soft topological spaces and soft bitopological spaces. These new concepts
are defined over initial universal sets and incorporate fixed sets of parameters, opening up new
avenues for exploration. Kandil et al. [17] and Senel et al. [28] further advanced the study of
soft bitopological spaces by defining fundamental notions such as pairwise open and closed soft
sets, pairwise soft closure, interior, kernel operators, and more. Their work also encompasses the
examination of pairwise soft continuous mappings and open and closed soft mappings between
two soft bitopological spaces.

The work by El-Shafei et al. [5, 11] has played a pivotal role, making significant contributions
through the introduction of monotone soft sets and increasing (decreasing) soft operators. Fur-
thermore, they have established the groundwork for the concept of soft topological ordered spaces
and formulated ordered soft separation axioms. El-Shafei et al. [4, 7] brought forth the notion of
soft ordered maps and explored the partial belong relation concerning soft separation axioms and
decision-making problems. In 2020 [8], they presented two innovative variations of ordered soft
separation axioms.

The objective of this study is to establish a soft bitopological ordered space, which integrates
a soft bitopological space with a partial order relation. Specifically, in this paper, we treat a gen-
erating soft bitopological ordered space and a soft bitopological space as equivalent if the partial
order relation corresponds to an equality relation. To facilitate our investigations, we commence by
introducing the definitions and results of soft set theory, soft topological spaces, and soft bitopo-
logical spaces, as they form the fundamental groundwork for our research.
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In Section 3, we introduce the concepts of increasing and decreasing pairwise soft sets, shed-
ding light on their fundamental properties. Additionally, we define and explore the notions of
increasing, decreasing, and balancing total and partial pairwise soft neighborhoods, as well as in-
creasing and decreasing pairwise open soft neighborhoods, while illustrating their relationships.
Notably, one of the significant findings in Section 3 is Theorem 3.2, which plays a crucial role in
verifying results concerning soft topological spaces.

In Section 4, we introduce the concepts of increasing and decreasing pairwise soft closure
and interior operators, illustrating their relationships with the help of examples. In Section 5,
we present the concepts of bi—ordered soft separation axioms, specifically PST;—ordered spaces,
PST?—ordered spaces, PST;*—ordered spaces, and PST;*—ordered spaces (where i = 0,1,2).
We offer illustrative examples to demonstrate the interrelationships between these axioms. Fur-
ther exploration of novel patterns of regularity and normality in soft bitopological ordered spaces,
along with their interconnections to other characteristics, deepens our comprehension of these
spaces. Notably, the paper establishes the equivalence of three properties when (Y, 71,72, II, <)
satisfies the conditions of being T'P*—soft regularly ordered: (1,71, 2,11, <) is PST,—ordered,
(Y, m1,m2,11, <) is PSTy—ordered, and (Y, n1, 12,11, <) is PSTy—ordered.

Moreover, we introduce the concept of a bi—ordered subspace and explore its hereditary prop-
erty within the context of soft bitopological ordered spaces. Additionally, we define soft bitopolog-
ical ordered properties and validate them for P.ST;—ordered spaces (where i = 0, 1,2), PST;"—ordered
spaces, PST; —ordered spaces, and P.ST;* —ordered spaces. We also establish the property of be-
ing a T'P*(PP*)soft Ts—ordered space and a T'P—soft Ty—ordered space as a soft bitopological
ordered property. In Section 6, we present the discussion of our paper, and in Section 7, we provide
the concluding remarks on our research findings.

2 Preliminaries

This section provides a brief overview of key concepts and relevant results from the fields of
soft sets, soft topological spaces, soft bitopological spaces, and soft topological ordered spaces,
which will be used in this paper.

From now on, let T represent the universe set, II represent a fixed set of parameters, and 27
represent the power set of T.

Definition 2.1. [9, 21, 23, 30] A soft set is defined as a pair (w,II), where w : II — 27, The notation
wrr is used instead of (w,II) for brevity. A soft set can also be represented as a set of ordered pairs, where
wir = {(o,w(a)) : a € Iw(a) € 2T}, The collection of all soft sets over Y is denoted by P(Y). A null
soft set, denoted by o, is one where w(a) = 0 for all « € 1I. An absolute soft set, denoted by Y1, is one
where w(a) = Y for all a € T1. Two soft sets, wr, hiy € P(Y)Y, are considered a soft subset, denoted by
b C wr, if h(a) C w(a) for all o € 1. They are considered equal, denoted by hyy = wry, if by C wyy and
wrr T hgp. The union and intersection of two soft sets, hyy and wry, are represented by ki Uwr and hr Mwr,
respectively. The difference of two soft sets, ki and wr, is denoted by hyy — wi, and the complement of a
soft set hir is denoted by k.

Definition 2.2. [25, 26] A soft set hyy : 11 — 27 defined as h(e) = {p} ife = aand h(e) = 0 if
e € Il — {a} is called a soft point and denoted by p. The collection of all soft points over Y is denoted
by Sp(Y). A soft point p® is said to be belonging to a soft set hr1, denoted by p®€hn, if for the member
a €11, p(a) C ha).

Definition 2.3. [10] A soft set wr over Y is referred to as a soft singleton if there exists an element v in
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Y such that w(a) = vy for all o in I1. We denote a soft singleton as w?.

Definition 2.4. [5, 23] For a soft set hr; over Y and an element p € Y, we say p € hyy if p € h(«) for every
ac€lland p & hy if p & R(a) for some o € II. We say p € by if p € h(«) for some oo € E and a & hyy if
a & h(a) for every o € I1. The notations €, &, € and & are respectively read as belong, non-belong, partial
belong and total non-belong relations.

Definition 2.5. [30] A soft topology on Y is a collection of soft sets over Y under II that satisfy the
following conditions:

1. The null soft set and the absolute soft set are included in the collection.
2. The union of any collection of soft sets in the collection is also in the collection.

3. The intersection of any two soft sets in the collection is also in the collection.

The triple (Y, n,1I) is called a soft topological space over Y, where 1 is the soft topology. Each member of n
is referred to as a soft open set, and its relative complement is called a soft closed set.

Definition 2.6. [34] A soft subset ert of a soft topological space (Y, n,1I) is called soft neighborhood of
v € Y, if there exists a soft open set wr such that v € wr C em.

Definition 2.7. [25] Let P(Y)™ and P(T')X be families of soft sets over Y and T, respectively.
Let ¢ : ¥ — T and v : I — K be two mappings. The mapping ¢y, : P(T)! — P(T')K is a soft mapping
from Y to T, denoted by ¢, defined as follows:

1. For wn € P(1)", ¢y (wn)(k) = Upey-1y w(@) if 71 (k) # 0, and ¢y (wrr)(k) = 0 otherwise,
forall k € K. The soft set ¢, (w) is called the soft image of wrr.

2. For Mg € P(w)’, ¢, (Ak) (@) = ¢~ (A(¥o(a))), for all a € TL The soft set ¢.;' (A is called the
soft inverse image of Ax.

Definition 2.8. [34] Let P(Y)" and P(T')X be two families of soft sets over Y and T, respectively. A
soft mapping ¢, + P(T) — P(T)K is called soft surjective( injective) mapping if ¢, are surjective
(injective) mappings, respectively. A soft mapping which is a soft surjective and soft injective mapping is
called a soft bijection mapping.

Proposition 2.1. [25] Consider ¢, : P(Y) — P(T)¥ is a soft map and let wy and Ak be two soft
subsets of P(Y) and P(T')X | respectively. Then we have the following results:
1. wn C ¢7;1(q5¢, (wn1)) and the equality relation holds if ¢, is injective.
2. ¢w(¢;1(A K)) C Ak and the equality relation holds if ¢y, is surjective.
Definition 2.9. [25] A soft map ¢ : (Y, n,1II) — (T',n*, K) is said to be:
1. Soft continuous if the inverse image of each soft open subset of (I',n*, K) is a soft open subset of
(0,7, I0).

2. Soft open ( resp. soft closed ) if the image of each soft open ( resp. soft closed ) subset of (Y, n,1II) is
a soft open ( resp. soft closed ) subset of (T',n*, K).

3. Soft homeomorphism if it is bijective, soft continuous and soft open.
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Definition 2.10. [16, 17] A quadrable system (Y, n1,m2,11) is called a soft bitopological space when 1,
and ng are soft topologies on the set Y with a fixed set of parameters I1. A soft set hy in a soft bitopological
space (Y, n1,n2,11) is called pairwise open soft (PO—soft) if there exists an m—open soft set hiy and an
no—open soft set h¥; such that hyy = hi; U k¥, and pairwise closed soft (PC—soft) if the complement of hiy
is a PO—soft set. The family of all PO—soft sets, denoted by 12, is a supra soft topological space associated
with the soft bitopological space (T, n1,n2, II).

Theorem 2.1. [17] Let (T, n1, n2, 1) be a soft bitopological space. Then:

1. Each n;—open soft set is a PO-soft set, j = 1,2, i.e.,m; C ni2.
2. Each nj—closed soft set is a PC-soft set, j = 1,2, i.e., 1§ C nf,.

Definition 2.11. [19] A binary relation S on a set Y is a partial order relation if it is reflexive, anti-
symmetric, and transitive. The equality relation on Y, denoted by A, is defined as {(p,p) : p € T}.

Definition 2.12. [24] A triple (Y, n, <) is called a topological ordered space when (Y, n) is a topological
space and (Y, <) is a partially ordered set.

Definition 2.13. [5] A triple (Y,1I, <) is called a partially ordered soft space when < is a partial order
relation on the set Y. An increasing soft operator i : (P(T), <) — (P(Y)Y, <) and a decreasing soft
operator d : (P(T), <) — (P(1)Y, <) are defined for each soft set hyy in P(Y)Y by i(hnr) (o) = ifh(a) =
{peT:6=< p,forsomed € ha)} and d(hn)(a) = dh(a) = {p € T : p < 9, for some § € h(a)}
respectively. A soft subset hyy of the partially ordered soft space (Y, 11, <) is called increasing if hyy = i(hy),
decreasing if hyy = d(hm), and balancing if it is both increasing and decreasing.

Proposition 2.2. [5] The following two results hold for a soft map ¢, : P(T) — P(T)K.

1. The image of each soft point is soft point.
2. If ¢y, is bijective, then the inverse image of each soft point is soft point.

Definition 2.14. [5] Let v and (* be two soft points in a partially ordered soft space (Y11, ). Then,
v < (ifv < (.

Definition 2.15. [5] A soft map ¢, : (P(Y)1, <q) — (P(D)K, <y) is said to be:

» ~o1

1. Increasing if v™ Sy €%, then ¢y (v®) Sa ¢y (CY).
2. Decreasing if v™ <y €%, then ¢y (CY) Sa ¢y (V).
3. Ordered embedding if v <1 (% if and only if ¢ (1) Sa ¢y (C).
Theorem 2.2. [5] The following two results hold for a soft map ¢y, : (P(T)", <1 ) — (P, <,).

» 1 y o2

1. If ¢ is increasing, then the inverse image of each increasing (resp. decreasing ) soft subset of I' i is
an increasing (resp. a decreasing ) soft subset of Y1y.

2. If ¢y is decreasing, then the inverse image of each increasing (resp. decreasing ) soft subset of ' is
an decreasing (resp. a increasing ) soft subset of Y1y.

Theorem 2.3. [5] Let ¢y, : (P(T)™, <1 ) — (P(D)X, <o ) be a bijective ordered embedding soft map.
Then the image of each increasing (resp. decreasing) soft subset of Y1 is an increasing (resp. a decreasing)
soft subset of I'r.
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Proposition 2.3. [5] Let (1,11, <) be a partially ordered soft space, and let {hﬁ : B € Q} be a collection

of soft sets in (Y, T1, <). If all the soft sets hiy are increasing (resp. decreasing), then Ugeohy, and Mpeahly
are also increasing (resp. decreasing).

Proposition 2.4. [5] Leti : (P(T)", <) — (P(MMN, <) andd : (P(T), <) = (P(M1, <) be
increasing and decreasing soft operators, and let hiyy and wry be two soft sets in (Y, 11, <). Then:

1. i(¢) = ¢ and d(¢) = ¢.

2. hn C i(hn) and A C d(hn).

3. i(i(hm)) = i(hm) and d(d(hu)) = d(hm)

4. i[hn Uwn] = i(hn) Ui(wn)and dlhn U wn] = d(hn) U d(wn).

Definition 2.16. [5] A quadrable system (Y, n,I1, ) can be rephrased as a soft topological ordered space
(STOS) if (Y, n,1II) is a soft topological space and (Y, 11, S) is a partially ordered soft space. A soft set hr
in a soft topological ordered space (Y, n, 11, <) is called increasing (decreasing) open soft if it is soft open
and increasing (decreasing).

Definition 2.17. [5] A soft subset eyy of an STOS (Y, n, 11, <) is called an increasing (resp. a decreasing)
soft neighborhood of v € Y if exy is soft neighborhood of v and increasing (resp. decreasing).

Definition 2.18. [3] A quadrable system (Y, n, 11, <) is referred to as a supra soft topological ordered space,
if (Y, n,1II) is a supra soft topological space and (Y, 11, <) is a partially ordered soft space.

Definition 2.19. [5] Let (Y, 7,11, <) be an STOS. We say it satisfies the following properties:

1. Itis lower (resp. upper) P-soft T1-ordered if for any distinct points v, { € Y, there exists an increasing
(resp. decreasing) soft neighborhood ety of v such that { & er.

2. It is P-soft Ty-ordered if it is either lower P-soft T-ordered or upper P-soft Ty-ordered.
3. It is P-soft Ty-ordered if it is both lower P-soft T:-ordered and upper P-soft T-ordered.

4. It is P-soft Ty-ordered if for any distinct points v,( € Y, there exist disjoint soft neighborhoods er
and Vi1 of v and ( respectively, such that e is increasing and Vi is decreasing.

3 Soft Bitopological Ordered Spaces

This section examines the concepts of soft bitopological ordered spaces, pairwise open and
closed soft sets that are increasing, decreasing, or balanced, and pairwise soft neighborhoods that
are increasing, decreasing, total, or partial, as well as the properties of these concepts in a soft
bitopological ordered space.

Proposition 3.1. If wy and hyy are two soft sets in P(Y)™ and i and d are increasing and decreasing soft
operators respectively, then:

1. Z(TH) = TH and d(TH) = TH
2. Iwa C hn, then i(wn) C Z(FLH) and d(wn) C d(ﬁn)

3. i[wn [ hn] C i(wn) [ Z(hn)

14
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4, d[WH M hn] C d(wn) [ d(hn)

Proof. The proof for the first and third cases is given, and the proof for the second and fourth cases
can be done similarly.

1. i(To)(a) =i(T(a)) =i(YT) =T = T(«a). Therefore, i(Yr) = Yy. Similarly, d(YTr) = To.

3. [wn MAn) C wr C i(wn) and [wr N fin) © A C (i), by Proposition 2.4.

Thus, i[wn [l h]ﬂ C ’L(Z((JJH)) = i(wn) and Z'[WH I hn] C Z(’L(hn)) = Z(hn)
Thus, i[UJH M h]ﬂ C i(wn) M Z(hn)

O

The following example illustrates that the equality stated in items 3 and 4 of Proposition 3.1 is not
always true.

Example 3.1. Let IT = {aq, o}, S= A U{(4, f), (0,5)} be a partial order relation on T = {p,d,0,¢, f}
and wry, hrr be two soft sets in P(Y)™ and defined as follows:

Wi = {(051’ {pv 5})3 (a27 {p7 C})}, I = {(alv {57 J})a (an {pv 57 U})}
Then,
i(wn) = {(ala {,0, 57 f})’ (042, {[L §})} and Z(hn) = {(041, {6a 0,6, f})a (042, T)}
Therefore,
i(wn M hn) = {(041, {57 f})v (012, {P})} C Z.(WH) M Z(hﬂ) = {(ala {63 f})v (0[2’ {pv (})}

Also,

d(wn) = {(0417 {p,6}), (a2, {p, 0, C})} and d(hm) = {(alﬂ {d,0}), (a2, {p, U})}
Therefore,

d(wn Mh) = {(a1,{6}), (a2, {p}) } E d(wn) Nd(hn) = {(a1,{0}). (a2, {p.o})}.
Definition 3.1. The system composed of a set Y, two topologies 1, and ny, a set I, and a partial order

relation < is called a soft bitopological ordered space (SBTOS) if it satisfies two conditions:

1. (Y, m1,n2,11) is a soft bitopological space.
2. (Y,1I, S) is a partially ordered soft space.

Definition 3.2. Inan SBTOS (Y,n1, 12,11, <), a soft set wry over Y can be classified into different types.
These types include:

1. Increasing pairwise open soft (I PO—soft) if wy = wi Uwg, wﬁ € ng and increasing, =1, 2.
2. Decreasing pairwise open soft (DPO—soft) if wn = wi; U w§, wﬁ € ng and decreasing, B = 1, 2.

3. Increasing pairwise closed soft (I PC'—soft) if wn = wi; NMw, wﬁ € ng and increasing, 5 = 1, 2.
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4. Decreasing pairwise closed soft (DPO—soft) if wn = wiy Mwi, wﬁ € n§ and decreasing, =1, 2.
5. Balancing pairwise open soft (BPO—soft): a soft set that is both I PO—soft and D PO—soft.
6. Balancing pairwise closed soft (BPC—soft): a soft set that is both I PC —soft and D PC —soft.

The collection of all IPO—soft sets in (T, n1, n2, 11, <) is denoted by IPOS(Y,n1, n2)11, and similarly for
DPO—soft sets, I PC'—soft sets and D PC—soft sets.

Proposition 3.2. For a PO(PC)—soft set wry in an SBTOS (Y,n1,n2,11, <) and an increasing soft
operator i, the following holds:

1. The original soft set is a soft subset of the result of applying the increasing soft operator, wr C i(wry).
2. Applying the increasing soft operator twice results in the same soft set as applying it once,

i(i(wn)) = i(wn).

Proof. We will only provide proof for certain cases of the two statements mentioned above, and
that the remaining cases, which are enclosed in parentheses, can be proved in a similar manner.

1.
Wi = w}[ L wfp wﬁ are ng — increasing, [ =1,2,

Ci(wl) Ui(wd), wh Ci(wy), B=1,2,
=i[wjUwf], by Proposition 2.4,
= i(wn).

2.

i(i(wn)) = z{z [wip U w%ﬂ, wﬁ are ng — increasing, [ =1,2,

=1 {z(wﬁ) L z(w%)} , by Proposition 2.4,
= i[i(wi)] Uili(wh)],
= i(wny) Ui(wh),
=1 {wﬁ (W w%[] ,
= i(wn)

A similar proof can be applied to the following proposition.

Proposition 3.3. For a PO(PC)—soft set wry in an SBTOS (Y, n1,n2,11, <) and a decreasing soft op-
erator d, it can be shown that wy C d(wry) and d(d(wn)) = d(wn).

Theorem 3.1. In an SBTOS (Y, n1,1m2,11, S), a soft set wr is IPO(DPO)—soft if and only if wy; is
DPC(IPC)—soft.

16
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Proof.

Necessity: Let, wi be an I PO—soft set. Then, wiy = wl L w?,wf € 75 and increasing, 5 = 1,2.

This implies that, wf; = [wf; Uw?]® = wlf Mw¥,wi’ € 15 and decreasing, 5 = 1,2. Now,

d(wf) = d]wif Nwi] T d(wif) Nd(wf) = wg, by Proposition 3.1. But, wf; C d(wf;), by Proposition
3.3. Therefore, wf; = d(wf;). Hence, w is a D PC —soft set.

Sufficiency: If wy is a DPC —soft set, then wy; = wi; Mw3, wﬁ € 15 and decreasing, § = 1,2. Thus,

wg = [wh NMwd]® = wlf Uwd, wh e 1§ and increasing, 3 = 1,2. Therefore, wf; is an I PO—soft set.

The proof demonstrates that if wry is I PO—soft, then wy} is DPC—soft and vice versa. The same
applies for the case between parentheses. O

Definition 3.3. In a soft topological ordered space (Y, n,1I, <), it is called an increasing (a decreasing)
soft topological space if all soft open sets in it are increasing (decreasing).

Theorem 3.2. In an STOS (Y,n,1II, S), the collection of all increasing open soft and decreasing open
soft sets forms the increasing soft topology, denoted by n', and decreasing soft topology, denoted by n®,
respectively on Y. i. e.,

1. nf = {wn : wn € n,wn is increasing},

2. nP = {wn : wn € n,wn is decreasing}.
Proof.

1. e ¢, Yy are increasing open soft sets (clear).Then, ¢, Tn € nl.

o Letwl,w? € nl. Then, w} and w? are increasing open soft sets. So, wi; Mw3 is increasing
open soft, by Proposition 2.3 and Definition 2.5. Therefore, wi Mw# € n'.

o Let {wﬁ, B € Q} Cn'. Then, I_Igegwﬁ is increasing open soft set, by Proposition 2.3 and
Definition 2.5. Therefore, U ,gegwﬁ enl.

Hence, 1’ is an increasing soft topology over Y.

By analogy with (1), one can prove (2).

Corollary 3.1. Foran STOS (Y,n,11, <), we have:

1. n°f = {wﬁ:wn GnD}.

2. 9P = {hﬁ B € n’}.

Lemma 3.1. Foran STOS (Y,n,11, <), we have:

1. UIC — 77CD~

2. nDc — ,,7@].
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Proof.

1. wHEnIcc}wﬁEnI(:)wHenCD.

By analogy with (1), one can prove (2).

O

Definition 3.4. A quadrable system (T, 0,11, <) is defined as an increasing (decreasing) supra soft topo-
logical ordered space if it satisfies two conditions: 1) it is a supra soft topological space and 2) every open
soft set in (Y, n, 11, <) is an increasing (decreasing) open soft set.

Corollary 3.2. For an STOS (Y,n1,m2,11, <), the family of all IPO—soft and DPO—soft sets forms
an increasing supra soft topology, denoted by ni¥, and decreasing supra soft topology, denoted by n£F,
respectively on Y. i.e.,

P
M2

= {wn wp = wh Uwd, wﬁ € ng and increasing, [ = 1,2},
= {ﬁn Dl = By U R, B € ng and decreasing, [ = 1,2}.

However,

iy = {A% A€ nﬁp},

ni%" = {Of : On e il }.

Lemma 3.2. Let (Y, n1, 19,11, <) bean STOS. Then:

L off* = nif”.
2. i = nitP.
Proof.

1. wn€n{56®wﬁ6n{§®wH€nf§P.

Using analogy with statement (1), we can establish the equivalence of statement (2).
Theorem 3.3. Let (T, 11,12, 11, <) be an STOS. Then:

1. ¢ and Yy are IPO(DPO)—soft sets and I PC(DPC)—soft sets.
2. An arbitrary union of I PO(DPO)—soft sets is an I PO(DPO)—soft set.
3. An arbitrary intersection of IPC(DPC')—soft sets is an IPC(DPC')—soft set.

Proof.

18
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1. Clear.

2. Let {w?I : € Q} CIPOS(Y,m,n2)n. Then, wr'BI is an TPO—soft set V3 € Q, implies there
exist two increasing soft sets wif’ € 71 and wy’ € 7 such that wf = wif’ Uw’, V8 € Q which
implies that I_Igeg(wﬁ) = I_I/geg[wllfg U w%ﬁ] = [UBGQW%I/B] U [uﬁegw?f]. Now, since 77 and 7
are two soft topologies, then [Uggg(whﬁ )] € m and [I_Igeg(wf-f )] € m2, by Proposition 2.3.
Consequently, u@egwﬁ is an I PO—soft set.

Similarly, if {w}, : 8 € Q} € DPOS(Y,n1,m2)m, then Ugequwl is a DPO—soft set.

3. Let {wﬁ : B € Q} CIPCS(Y,m,n2)m. Then, wﬁ is an I PC'—soft set V3 € €, implies there
exist two increasing soft sets wy” € ¢, wi’ € 7S such that wf = wi’ Nw’, V4 € Q which
implies that ﬂgeg(wﬁ) = ﬂﬁeﬂ[wll—lﬂ I‘Iw%ﬁ] = [ﬂgegwll—lﬂ] M [ﬂgegw%ﬁ]. Now, since of 7; and 7
are two soft topologies, then [Mscq(wif)] € 7§ and [Mpea(wil)] € n5. Consequently, Mgecawh
is an I PC'—soft set.

Similarly, if {wﬁ :8€Q}y CDPCS(Y,m1,m2)n. Then, I‘Igegwﬁ isa DPC—soft set.

The following example illustrates that:

1. ni¥ (nEF) is not necessarily an increasing (decreasing) soft topology.

2. The intersection of a finite number of I PO(DPO)—soft sets may not be an IPO(DPO)—soft
set.

3. The union of an arbitrary number of I PC(DPC')—soft sets may not be an I PC(DPC)—soft
set.

Example 3.2. Let IT = {a, a2} and <= AU {(1,v) : v € {2,3}} be a partial order relation on the set of
natural numbers Nand n; = {wfy :n =1,2,3,....... JU{d, R}, me = {A :m =1,2,3, ... JU{o, Rt}
where, Wi is a soft set over N defined as w™ : 1 — 2% such that, w™(c1) = {n,n + 1,n + 2,......},
w™(ag) = 0,Vn € Rand kY is a soft set over X defined as, h™ : I — 2% such that,

E™(aq) = {1,2,3,...,m}, i™(a2) = 0,Yn € N. Then ny,ne are soft topologies on N. Consequently
(N, m1,m2, 1, <) is a soft bitopological ordered space.

On the one hand, w3, € m, k3, € naare IPO—soft sets. But F(a1) = w3(ap)Nh?(an) = {3,4,5,....}N
{1,2,3} = {3}, F(a2) = w?(a)Nh3(ae) = 0. It is clear that Fyy can not be expressed as a union of two in-
creasing soft sets one belongs to n, and the other belongs to 1o, i. e., F is not IPO—soft set. Consequently,
112 is not an increasing soft topology in general.

On the other hand, since wi; and h; are IPO—soft sets, then w3t and k¢ are DPC—soft sets, but
wie U B3¢ is not DPC—soft set, because wif U hi¢ = G such that G(a1) = w(aq) U B3%(ay) =
(R—{3,4,5,.... ) UR—{1,2,3}) = X — {3}, G(az) = w*(az) UR3*(ag) = N. It is clear that Gy; can
not be expressed as an intersection of two decreasing soft sets one belongs to 0§ and the other belongs to 15,
i. e., G is not DPC—soft set. Therefore the arbitrary union of D PC —soft sets need not be a D PC—soft
set.

Theorem 3.4. Let (T, 1,12, 11, <) be an STOS. Then:

1. nf UnP C .
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ns Ung C .
ni Ung Cnff.

nP und C nif.

AN

iy Uni’ S me.
Proof. 1t is clear that:

1. n{ Cmy and nP C n; which implies n{ UnP C n;.

2. ni Cnpand n¥ C ne which implies ni UnP C ns.

3. n{ Cn{s and nj C {3 which implies n{ Ung C {3’

4. nP C phF and n¥ C nhF which implies nf UnP C pRF.

5. miP C mip and nBF C 1o which implies nif U nlF C nyo.

Definition 3.5. A soft set wyy inan STOS (Y, m,ne, 11, <) is called:

1. Increasing pairwise open soft set totally containing p € Y if wn is increasing, PO—soft set and
p € Wil

2. Increasing pairwise open soft set partially containing p € Y if wn is increasing, PO—soft set and
p C wir.

3. Decreasing pairwise open soft set totally containing p € Y if wr is decreasing, PO—soft set and
p € Wil

4. Decreasing pairwise open soft set partially containing p € Y if wr is decreasing, PO—soft set and
p C wir.

Definition 3.6. A soft set ey in an STOS (Y, n1, 12,11, S) is said to be:

1. A total pairwise soft neighborhood of an element p € Y, if there is a PO—soft set wn such that
p €wn L er.

2. A partial pairwise soft neighborhood of an element p € Y if there is a PO—soft set wr such that
p €wn Cer.

Definition 3.7. A soft set ey in an STOS (T, n1,m2,11, <) is said to be:

1. An increasing total pairwise soft neighborhood (1T PS—nbd) of an element p € Y, if ery is a total
pairwise soft neighborhood of p and is increasing.

2. Anincreasing partial pairwise soft neighborhood (I PPS—nbd) of an element p € T, if ey is a partial
pairwise soft neighborhood of p and is increasing.

3. A decreasing total pairwise soft neighborhood (DT PS—nbd) of an element p € Y, if ery is a total
pairwise soft neighborhood of p and is decreasing.
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4. A decreasing partial pairwise soft neighborhood (D P PS—nbd) of an element p € Y, if ey is a partial
pairwise soft neighborhood of p and is decreasing.

5. A balancing total pairwise soft neighborhood (BT PS—nbd) of an element p € Y, if exy is a total
pairwise soft neighborhood of p and is balancing.

6. A balancing partial pairwise soft neighborhood (BP PS—nbd) of an element p € Y, if exy is a partial
pairwise soft neighborhood of p and is balancing.

Definition 3.8. Let (Y, 71,72, 11, <) be an STOS and let wy; € P(Y)™ and p* € Sp(Y)N. Then, wy is
called:

1. An increasing pairwise open soft neighborhood (IPS — nbd) of p®, if there exists a PO—soft set At
such that p*E\y T wyy and wyy is increasing.

2. A decreasing pairwise open soft neighborhood (DPS — nbd) of p®, if there exists a PO—soft set At
such that p*E\y T wyy and wyy is decreasing.

The following example illustrates the distinction between pairwise open soft sets and pairwise
soft neighborhoods, specifically in terms of increasing and decreasing.

Example 3.3. In this example, let 11 = {a1, aa} be a set and let <= A U{(9, f), (0,)} be a partial order
relation on the set T = {p, 6, 0,5, f}. Also, let n1 = {11, ¢, wn } where wrr = {(aa, {p,d}), (a2, {p,s})}
and T2 = {THV d)v hH} where hH = {(0[1, {U})v (0[2, {C})}

Then, T = {THa g/b\a WIT, th AH} where )\H = {(0117 {pa 57 G})v (042, {p7 §})} NOZU,

i(wn) = {(a1,{p,d, f}), (a2, {p,<})} # wn and d(wn) = {(a1,{p,d}), (a2, {p,0,¢})} # wn. So
wry is neither increasing nor decreasing. On the other hand, O = {(au1,{p, 9, f}), (a2, {p,0,s})} isa
BT PS—nbd of p because:

1. p € wn C O,

2. i(On) = O = d(On).

Furthermore, K11 = {(a1,{p, 0, f}), (a2, {p,s})} is an IT PS—nbd of p, but it is not a DT PS—nbd of p;
and Vi1 = {(aq, {p,0}), (a2, {p,0,5})} isa DT PS—nbd of p, but it is not an IT PS—nbd of p.

In this example, Ky is an 1 P.S —nbd of p**, for p** Cwn T K, wrr € n12;and Vipisa DPS —nbd
of ¢®2_ for ¢®2€hyy C Vi, hyp € n12.

4 Increasing (Decreasing) Pairwise Soft Closure Operators

In this section, we will discuss the ideas of increasing and decreasing pairwise soft closure and
interior operators in a soft bitopological ordered space. We will also examine the basic character-
istics of these concepts.

Definition 4.1. Given a set wyy € P(T)", the increasing pairwise soft closure of wr, denoted as Icl5,(wr),
is the intersection of all increasing pairwise closed soft sets that contain wry. i.e., Icly(wn) = M{An : An
is I PC'—soft set, wr C fir }.
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Similarly, the decreasing pairwise soft closure of wry, denoted as Dclo(wn), is the intersection of all
decreasing pairwise closed soft sets that contain wyy. i.e., Deliy(wn) = M{Kn : K is DPC—soft set,
wrr E KH}.

Both Icl3y(wn) and Del3 o (wr) are the smallest increasing and decreasing pairwise closed soft sets contain-
ing wry respectively.

On the other hand, the increasing pairwise soft interior of wy, denoted as Iints,(wr), is the union of all
increasing pairwise open soft sets that are contained in wry. i.e.,

Iinth(wH) = |_|{OH :On is IPO — SOft set ,Opn C OJH}.

Similarly, the decreasing pairwise soft interior of wr, denoted as Dint$,(wr), is the union of all decreas-
ing pairwise open soft sets that are contained in wr. ie., Dint$y(wn) = U{Gn : G is DPO—soft set,
GH E UJH}.

Both Iint3,(wn) and Dintiy(wn) are the largest increasing and decreasing pairwise open soft sets
contained in wryy respectively.

Proposition 4.1. For any soft set wry in an SBTOS (YT, m,n2, I, S), the following holds:
Case:

L. [Ieliy(wn))° = Dintiy(wh)
2. [Dely(wm)]° = Tintsy(ws).
3. [Dintsy(wn)]¢ = Icliy(wh)
4. [Tinty(wn)]° = Deliy(ws)

Proof. We give only proofs of cases (1) and (3) and the cases (2) and (4) can be derived in a similar
manner.
Case:

1. (Ielfy(wm))® = (M{Am : wn C A, A is TPC—soft set})® = L{AG : Af C wf, AG is TPO—soft
set} = Dint$,(wf;). Hence, [Icliy(wn)]© = Dint§y(w§).

3. (Dintiy(wn))® = (W{An @ An C wm, A is TPO—soft set })° = M{A§ : wi T Af, Af is
IPC—softset} = Icl{,(wfy). Hence, [Dint§y(wi)]® = Icliy(wh).
O

Example 4.1. In this example, we consider an SBTOS (Y, n1,m2,11, S) where II = {a1, a2}, S= A U
{(1,2)} is a partial order relation on the set of real numbers R and n; = {Ru, ¢} U {wl TR : 1 € wi}
and ny = {R1, ¢} U {wd T Ry : 2 € wi}.

Then, 7]1 {Rn, ¢} U {wp CRu:1,2¢€ WH} nP = {Ri, 6} U{wh T R s 1ewf},
nh = {Rm, ¢} U {WEC Ry :2€wd} and 772 = {R, ¢} U {w% C Ry : 1,2 € wi} are increasing and
decreasing soft topologies over R. Clear, ni UnP C ny, and ni Und C ns.

Now, m12 = {?RH,QS}U{wHI_IwH 1le wH,Z € wn}ande = {%H,gg}u{wll-[LIw% 11,2 €wh,2€ wlz-l},

ny" = {Rm, ¢} U{wh Uwh 1,2 € wiy, 1 € wi}. Clear, n{ Ung C i3, ny’ Und C 0", and
IPU DP C
M2 Y2 =112
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On the other hand, n¢PP = nIPe = (R, ¢} U{wl Uw? : 1,2 ¢ wh,2 & wl} and
5" =il = {Rn, ¢} U{w Uwf 11,2 ¢ wpy, 1 € wii}

Theorem 4.1. This theorem states properties of the increasing pairwise soft closure operator Icli, in an
SBTOS (Y,m,m2,11, <), specifically in relation to sets wrr, A in P(Y)™.
Case:

1. Icliy($) = ¢ and Icliy(Yr) = Y.

2. wr C ITeliy(w).

3. wry is an IPC'—soft set if and only if wyy = Icliy(wrr).
4. wn C A = Iclfy(wn) T Icly(Am).

5. Icl§y(wm) U Iclio (M) C Ielfy[wn U An].

6. Icliy(Icliy(wn)) = Ieliy(wn).

Proof. Case:

The proof of (1), (2) and (3) in the theorem are straightforwardly derived from the definition
of the closure operator as defined in Definition 4.1.

4. This part of the proof is showing that if soft set wyy is a soft subset of soft set Ai;, and Ay is a
soft subset of Iclf,(Am), then it follows that wyy is a soft subset of Icl§,(Am). Since Icl,(Am)
is an I PC'—soft set and Iclf,(wr) is the smallest I PC'—soft set containing wry, it follows that
Icl§y(wn) must be a soft subset of Icl§,(Am).

5. If wry is a soft subset of wy L Aip and wry U Ary is a soft subset of Iel$,[wr U Ar], then it follows
that Icl5,(wr) is a soft subset of Iclfy[wn U Arp]. Similarly, Icl§,(An) is also a soft subset of
Icly|wnUAmn]. Therefore, it follows that Ielf, (wm)UIcls, (M) is a soft subset of Iel, [wirUAm].

6. Clear.

O

The following theorem can be proven in a similar way using the same method as the previous
theorem.

Theorem 4.2. For any SBTOS (Y,m1,n2,11, <), and any sets wyy and Ay in P(Y)Y, the following
statements hold:

1. Dcliy(¢) = ¢ and Deliy(Tr) = Yo

2. wn C Delfy(wn).

3. wm is a DPC—soft set if and only if Dcl3y(win) = wir.
4. wrn C Anr = Deliy(wn) C Del5y(Am).-

5. Dclio(wn) U Delsy(Arr) E Delfywn U Ar].

6. Dcliy(Dclfq(wrr)) = Delfq(wr).

Theorem 4.3. For any SBTOS (Y, n1,m2,11, <), and any soft sets wyy and Ay in P(Y)Y, the following
statements hold:
Case:
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1. Iintsy(¢) = ¢ and Iintsy(Yr) = Yo

Iintsy(win) E wir.

wrr is an I PO—soft set if and only if Iint3,(wn) = wr.
wip T A = Tint§y(wn) C Iintsy(Am).

Tint5yfwn M An| E Tintso(wm) M Tintso(Am).

S s L

Iintso (Iints (wrn)) = Lintsy(wn).-

Proof. Case:

The proof of the first, second, and third statement in this theorem can be easily derived from
Definition 4.1.

4. If a soft set wryy is contained in another soft set A and Iintj,(wrn) is the largest I PO—soft
set contained within wry, then I'int$,(wr) is also contained within Iint§,(An) which is the
largest 1 PO—soft set contained within Apy.

5. For the intersection of soft sets wiy and Ay, Iint$, [wiiMAr] is contained within both Iint$, (wi)
and Iint;,(Am), which are the largest 7 PO—soft sets contained within wr and Ar, respec-
tively.

6. Obvious.

O

Theorem 4.4. For any SBTOS (Y,n1,m2, 11, <), and any soft sets wyy and Ay in P(Y)Y, the following
statements hold:

1. Dintsy(¢) = ¢ and Dintsy(Yr) = Yo
Dint$y(wn) C wiy.

wry is a DPO—set if and only if Dint5,(wn) = wiy.
wi C A = DintSy(wn) C Dintsy(Arn).

Dint3y|wn M An] C Dintiy(wn) N Dintiq(Am).

S kLN

Dint3o(Dint;y(wn)) = Dint§y(M).

Proof. It is stated that the proof is similar to that of a previous theorem therefore has not been
submitted. O
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5 bi—Ordered Soft Separation Axioms

The section focuses on the introduction, examination, and investigation of bi—ordered soft sep-
aration axioms namely PST;, PST?, PST;, and PST;*—ordered spaces, (i = 0, 1,2). It explores
their properties, provides examples, establishes relationships, and presents results. Additionally,
it explores new types of regularity and normality in soft bitopological ordered spaces, highlight-
ing their relationships with other properties, which contributes to a deeper understanding of these
spaces.

Definition 5.1. An SBTOS (Y, n1,n2,11, <) is said to be:

10.

11.

12.

13.
14.
15.
16.
17.

. Lower pairwise soft Ty —ordered (LP ST, — ordered ): For any distinct points v and ¢ in Y such that

v & ( there exists an IT PS— nbd er of v such that ¢ & en.

Lower pairwise soft Ty —ordered (LP ST} — ordered ): For any distinct points v and  in Y such that
v & C there exists an ITPS— nbd ery of v such that y & en.

Lower pairwise soft T} —ordered (LP STy — ordered ): For any distinct points v and { in Y such that
v % C there exists an IPPS— nbd ery of v such that { & err.

Lower pairwise soft T}* —ordered (LPST;*— ordered ): For any distinct points v and ¢ in Y such
that v & ( there exists an I PPS— nbd ey of v such that ¢ & exy.

Upper pairwise soft Ty —ordered (U PSTy— ordered ): For any distinct points v and ( in Y such that
v & ( there exists a DT PS— nbd ey of ¢ such that v & exy.

Upper pairwise soft Tt —ordered (UP STy — ordered ): For any distinct points v and ¢ in Y such that
v & ( there exists a DT PS— nbd ey of ¢ such that v & ery.

Upper pairwise soft T} —ordered (U P ST} — ordered ): For any distinct points v and ¢ in Y such that
v & C there exists a DPPS— nbd ery of ¢ such that v & ery.

Upper pairwise soft T1* —ordered (UPST}*— ordered ): For any distinct points v and ¢ in Y such
that v & ¢ there exists a DPPS— nbd ey of ¢ such that v & ery.

PSTy—ordered space: An SBTOS is PSTy—ordered if it satisfies either L P STy — ordered or U P.STy —
ordered.

PSTy—ordered space: An SBTOS is PSTy—ordered if it satisfies either LPST}— ordered or
UPSTy — ordered.

PSTy—ordered space: An SBTOS is PSTy—ordered if it satisfies either LPST{— ordered or
UPSTy — ordered.

PSTy*—ordered space: An SBTOS is PST;*—ordered if it satisfies either LPST}*— ordered or
UPST]*— ordered.

P ST, —ordered space if it is LPST, — ordered and U P ST, — ordered.
PST? —ordered space if it is LPSTY — ordered and U P ST} — ordered.

P STy —ordered space: if it is LPSTy — ordered and U P ST} — ordered.
PSTy*—ordered space if it is LPST;*— ordered and U P ST} *— ordered.

PSTy—ordered space if for every distinct points v,¢ in Y such that v £ ( there exist disjoint
ITPS—nbd ey of v and DT PS—nbd Vi of €.
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18. PSTs—ordered space if for every distinct points v,( in Y such that v & ( there exist disjoint
ITPS—nbd er of v and DPPS—nbd Vi of €.

19. PSTy—ordered space if for every distinct points v,( in Y such that v & ( there exist disjoint
IPPS—nbd er; of v and DPPS—nbd Vi1 of C.

20. PSTs*—ordered space if for every distinct points v,( in Y such that v £ ( there exist disjoint
IPPS—nbd ey of v and DT PS—nbd Vi1 of ¢.

Proposition 5.1. Every PST:( resp. PSTY, PSTy, PSTy*)—ordered space (X, n1,m2,11, <) is also a
PSTy( resp. PSTy, PST, PSTi*)—ordered space.

Proof. The proof is straightforward and follows directly from the Definition 5.1 O

The following example is showing that the converse of the proposition is false by providing a
specific counterexample.

Example 5.1. Let II = {e1,ea}, S= A U{(v, (), (v, 2)} be a partial order relation on Y = {v,(, 2z} and
m = {(;57 Tnvwlllvw%hwl?"[}/ 2 = {¢a TH; FH} Wherer

wH - {(617 {C})v (e {C})}
wit = {(ex, {z}), (e2, {21},
wl‘[ - {(6 {C’ })7 (62’ {ng})}a
In = {(617 {V C})v (627 {Vv C})}

Then (Y, m,ne, 11, <) is LPSTy( resp. LPSTY, LPSTY, LPST}* )— ordered. So it is PSTy( resp.

PSTS,PST;, PSTi*)—ordered. On the other hand, every decreasing pairwise soft neighborhood of v
containing ¢ .

Proposition 5.2. Every PSTs( resp. PSTy*)—ordered space (Y,n1,m2,11, <) is also a PSTY( resp.
PST*)—ordered space.

Proof. The proof directly follows from the Definition 5.1. O

The example that is being given is to show that the converse of this proposition is false.

Example 5.2. By taking ni = ne = n. The example is referring to an Example 4.7 in a previous work,
[5]. It is stated that this example is PSTy—ordered (or PST;*—ordered) but not PST,—ordered (or
PSTy*—ordered). This means that there exist PST)—ordered (or PST;*—ordered) spaces that are not
PSTy—ordered (or PST5*— ordered), which contradicts the converse of the proposition.

Proposition 5.3. Every PSTS( resp. PSTy,PST, PSTy)—ordered space (Y,n1,n2,11, <) is also a
PSTy( resp. PSTy, PST;*, PST{*)—ordered space.

Proof. The proof relies on the observation that if a total non-belong relation & exists, then it implies
a non-belong relation ¢. O

The provided example serves to illustrate that the converse of this proposition is not true.
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Example5.3. Let I1, <and Y asin Example 5.1 and 1y = {(;AS7 T, wip, wh, wi, wii o me = {(;AS7 T, Fh, F2}
where,

€

(e1, {C}), (e2, {v.CH},
( ), (e2,{v.2})},
(e1,{¢, 2}): (e2, 1)},
(
(
(

€

€

k>

€1, {V})7 (627 {V7<})}>
61,@), (627 {Vv C})}

:ZIHEI%.’:IE&:IN:IH
I
P T e Y

e
I

Now, 12 =11 Unz U {)\111, M, )\%} where,

My = {((31,{1/7 (1), (ea, {v, C})}
A2 = {(61,{7/’2}), (62’T)}
A= {(e1, {2}); (e2, 1)}

In simple terms, this example is trying to prove that not all PSTy (resp. PSTy, PSTy, PST )—ordered
spaces are PSTy( resp. PSTy, PSTy™, PST{™*)—ordered spaces, by showing a specific example of a space
that is PSTS (resp. PSTyY, PST§, PSTy)—ordered but not PSTy(resp. PSTy, PSTy*, PSTy*)—ordered.

Proposition 5.4. Every PST,—ordered space (Y, n1, 12,11, <) is PSTy —ordered.

Proof. The proof for the proposition states that the belong relation € implies a total belong relation
€. O

Example 5.4. Let I1 = {e,eg} be a set of parameters, <= A U {(1,2)} be a partial order relation on
the set of natural numbers X. Define i, = {wr C Ny such that 1 € wn} and ny = {Frr C Ny such that
2 € wir}. The example states that this specific space is P STy —ordered but not PST>—ordered.

Proposition 5.5. Every PST,( resp. PSTy*)—ordered space (Y, n1, 12,11, <) is PSTy ( resp. PSTy)—
ordered.

Proof. The proof for the proposition states that the belong relation € implies a total belong relation
C. 0

Example 5.5. The example provided states that it follows from an earlier example (Example 5.3) that a
specific space is PSTy ( resp. PSTy )—ordered but not PST( resp. PST5*)—ordered.

Proposition 5.6. Every PSTg (resp. PSTY, PSTs, PSTy, PSTy, PSTy*)—ordered space (Y, n1,m2, 11, <)
is also a PSTy*( resp. PSTy™, PSTy™, PSTY, PSTy, PST;™*)—ordered space.

Proof. It is based on the principle that belong relation € implies a total belong relation € and a
total non belong relation & implies a non belong relation ¢ . O

Example 5.6. It follows from Example 5.3, illustrates that a specific space is PST* ( resp. PSTy™, PSTY,
PSTy, PSTy*)— ordered but not PSTS ( resp. PSTY,PSTy, PSTy, PSTy, PSTy*)—ordered.
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The diagram illustrates the relationship between different types of separation axioms, as well
as the implications between them as described in this paper.

PST? —  PSTy —  PST —  PSTy

¢ - —
1 1 W 1
PSTy* /> PSTy — PSTy — PSTy
— - -
T v v 1
PST3 /> PST, — PST; /> PSTy

— — —

Theorem 5.1. Let (Y, n1, 12,11, S) be an SBTOS. Then the following three statements are equivalent:

1. The space is UPSTY ( resp. LPSTY)—ordered,

2. For any two elements v and ( in Y such that v £ , there is a PO—soft set wyy containing ¢ ( resp.
v) in which v £ z( resp. z £ ) for every z € wry,

3. Forany v in Y, the set (i(v))n ( resp. d(v)n) is PC—soft.
Proof.

(1 —2) If (Y, m,m2, 101, <) isan U PSTy —ordered space, and v and ¢ are elements of T such that
v % ¢. Then there exists a DT PS—nbd ey of ¢ such that v & epr. Putting wr = sint(en).
Suppose that wr Z (i(v))§. Then there exists z € wyy and z & (i(v))§. It follows that
z € (i(v))n, which implies that v < z. Now, z € wi C ey implies that v € er;. However,
this contradicts the fact that v  ey;. Thus wiy C (i(v))§. Hence v £ z, for every z € wi.

(2 — 3) Consider v € T and let p € (i(v))§;. Then v £ p. Therefore there exists a PO—soft set
wrr containing a such that wiy T (i(v))§. Given that v and p are picked without any
specific criteria, then a pairwise soft set (i(v))§ is PO— soft, for v € T. Hence (i(v))n
is PC'—soft, forany v € T.

(3—=1) Letv £ ( € Y.Obviously, (i(v))n is increasing and by hypothesis, (i(v))r is PC— soft.
Then (i(v))§ is a DPO—soft soft set satisfies that { € (i(v))g and v & (i(v))§. Thus,
the proof is finished.

An analogous proof can be applied for the case inside the parentheses. O

Corollary 5.1. If v is the smallest ( resp. the largest) element of a LPST? ( resp. UPSTY)—ordered space
(Y, m1,m2, 11, <), then vy is DPC ( resp. I PC)—soft.

Proposition 5.7. If v is the smallest ( resp. the largest ) element of a finite PSTY ordered space
(Y, m1,m2,11, <), then vy is DPC ( resp. IPC)—soft.
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Proof. The proposition is verified when v is the smallest element, and the other case can be proved
analogously. Since v is the smallest element of Y. Then v < (, V¢ € T. By the anti-symmetric of <,
we have ¢ £ v,V( € T. By hypothesis, there is a DT PS—nbd F1; of v such that ¢ & Fiy. It follows
that v = MFy. Since Y is finite, then vy is DPO—soft.

A parallel argument can be made for the situation inside the parentheses. O

Proposition 5.8. If v is the smallest ( resp. the largest ) element of a finite a PSTy{ —ordered space
(Y, m1,m2,1L, <), then FYj is DPO ( resp. IPO)—soft.

Proof. The proof is analogous to Proposition 5.7, with the substitution of vr1 by F}. O

The aforementioned Proposition can be established in the scenario where (T, 71, 72,11, <) isa
finite PST}*-ordered space.

Proposition 5.9. A finite SBTOS (Y, m, 02,11, <) is PSTY —ordered if and only if it is PST,—ordered.

Proof.

Necessity: For each ¢ € (i())f;, we have (d(¢))n is PC— soft. Since T is finite, then Uce (i(v))e d(C)
is PC— soft. Therefore (U¢e (i) d(¢))¢ = (i(v))m is a PO~ soft set. Thus (T, n1,72,11,5) is a
PST,—ordered space.

Sufficiency: It directly follows from Proposition 5.2. O

Proposition 5.10. Let (T, n1,12,11, <) bean SBTOS withmy = ny = n. If (T, n1,m2,11, S) is
PST? —ordered, then (Y, n,11, <) is always P—soft T;—ordered, for i = 0, 1.

Proof. We have shown the proposition when ¢ = 1, and the other instance can be shown similarly.
Let v, ¢ be two distinct points in (T, 7,11, <) such that v < ¢. As (T, n1,19,11, <) is PSTY, then
there exist an I'T'PS—nbd epy of v such that ( ey and a ITPS—nbd Fyy of ¢ such that v & Fy.
Since 11 = 12 = 7, then er1 is an increasing soft neighborhood of v such that ¢ & ey and Fi is
a decreasing soft neighborhood of ¢ such that v ¢ Fyy in (Y, n,II, S). Thus (Y, n,II, <) is P—soft
Ty —ordered. O

Proposition 5.11. Let (T, n1,n2,11, <) be an SBTOS with my = ny = n. If (T, n1,m2,11, S) is
PSTy—ordered, then (Y, n, 11, <) is always P—soft To—ordered.

Proof. The proof is analogous to Proposition 5.10. O

Definition 5.2. Let I' C Y and (Y,m1,n2, 11, <) be an SBTOS. Then (T, mr,ner, 11, Sr) is called
soft bi—ordered subspace of (Y, m1, 2, I, <) provided that (T, nir, ner, I1) is soft bitopological subspace of
(Ta m, N2, H) and /SFZIS Nl x I

Lemma 5.1. If Uy is an increasing (resp. a decreasing) pairwise soft subset ofan SBTOS(Y,ni, 12,11, <),
then Un M 'y is an increasing (resp. a decreasing) pairwise soft subset of a soft bi—ordered subspace

(T, mr, ner, 11, Sr).

Proof. Let Uty be an increasing pairwise soft subset of an SBT'OS (Y, n1, 12,11, S).
In a soft bi—ordered subspace (I', n1r, n2r, IL, Sr), let p € i<y (Un M Tn).
Since iSr(UH M FH) C iSF (UH) M iSF (FH) C Upg Ny, then pE (UH [ FH).
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Therefore i<r (Un N Tn) = Ug NT'g. Thus Up M is an increasing pairwise soft subset of a soft
bi—ordered subspace (T, mir, nor, II, Sr).

The demonstration is parallel in the case where Uy is decreasing. O

Theorem 5.2. The property of being a PST; ( resp. PST?, PST;, PST;*)—ordered space is hereditary,
fori=0,1,2.

Proof. We establish the theorem for the case PST5, and the other cases can be demonstrated in
a similar way. Let (I', mir, mor, II, Sr) be a soft bi—ordered subspace of a P.ST,—ordered space
(Y, m1,m2, 11, S). If p,6 € T such that p Sr 6, then p < 0. So by hypothesis, there exist disjoint
total pairwise soft neighborhoods err and Vi1 of p and 6, respectively, such that egg is increasing
and V77 is decreasing. Setting Uy = I'p M e and wrp = I'p M Vig, by Lemma 5.1, we infer that Ury
is an ITPS—nbd of p and wr is a DT PS—nbd of §. Since the soft neighborhoods U and wyy are
disjoint, it follows that (I', nir, nar, II, Sr) is PSTo—ordered. O

Definition 5.3. For two soft subsets wry and A\r; of an SBTOS (Y, 1, m2, I1, <), we say that wyy is pairwise
soft neighborhood of Any provided that there exists a PO—soft set Fyy such that A\ip C Fip C wry.

Definition 5.4. An SBTOS (Y, n1,n2,11, <) is said to be:

1. Lower ( resp. upper ) PT—soft reqularly ordered if for every decreasing ( resp. increasing ) pairwise
closed soft set A\t and v € Y such that v & A there exist disjoint pairwise soft neighborhood e
of A and increasing ( resp. decreasing ) total pairwise soft neighborhood Vi of v such that ey is
decreasing ( resp. increasing ).

2. Lower ( resp. upper ) PP—soft reqularly ordered if for every decreasing ( resp. increasing ) pairwise
closed soft set A\rt and v € Y such that v ¢ A there exist disjoint pairwise soft neighborhood ey
of At and increasing ( resp. decreasing ) partial pairwise soft neighborhood Viy of v such that eyy is
decreasing ( resp. increasing ).

3. Lower (resp. upper ) P*T —soft reqularly ordered if for every decreasing ( resp. increasing ) pairwise
closed soft set Aip and v € Y such that v & A there exist disjoint pairwise soft neighborhood ety
of An and increasing ( resp. decreasing ) total pairwise soft neighborhood Vi of v such that er is
decreasing ( resp. increasing ).

4. Lower ( resp. upper ) P* P—soft regularly ordered if for every decreasing ( resp. increasing ) pairwise
closed soft set At and v € Y such that v & An there exist disjoint pairwise soft neighborhood ety
of At and increasing ( resp. decreasing ) partial pairwise soft neighborhood Vi of v such that ery is
decreasing ( resp. increasing ).

5. T P—soft regularly ordered if it is both Lower PT —soft reqularly ordered and upper PT—soft requ-
larly ordered.

6. PP—soft regularly ordered if it is both Lower P P—soft reqularly ordered and upper P P—soft regu-
larly ordered.

7. T P*—soft reqularly ordered if it is both Lower P*T—soft reqularly ordered and upper P*T —soft
reqularly ordered.

8. PP*—soft regularly ordered if it is both Lower P*P—soft regularly ordered and upper P* P—soft
reqularly ordered.

9. Lower ( resp. upper ) T P—soft T ordered if it is both LP STy —ordered ( resp. UP STy —ordered )
and lower ( resp. upper ) PT—soft regularly ordered.
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10. Lower ( resp. upper ) PP—soft T ordered if it is both LPST{*—ordered ( resp. UP STy *-ordered )
and lower ( resp. upper )) PP —soft reqularly ordered.

11. Lower ( resp. upper ) T P*—soft T ordered if it is both LP STy —ordered ( resp. UP ST —ordered )
and lower ( resp. upper ) P*T —soft reqularly ordered.

12. Lower ( resp. upper ) PP*—soft T5 ordered if it is both LP STy —ordered ( resp. UP ST} —ordered )
and lower ( resp. upper ) P* P—soft reqularly ordered.

13. TP—soft T3 ordered if it is both lower T P—soft T3 ordered and upper T P— soft T3 ordered.
14. PP—soft T5 ordered if it is both lower P P—soft Ty ordered and upper P P—soft T ordered.
15. T P*— soft T3 ordered if it is both lower T P*—soft T3 ordered and upper T P* —soft T ordered.
16. PP*—soft Ty ordered if it is both lower P P*—soft Ty ordered and upper P P*—soft Ty ordered.

Theorem 5.3. An SBTOS (Y, m,n2, I, <) is lower ( resp. upper ) PT(P*T')—soft reqularly ordered if
and only if for all v € Y and every increasing ( resp. decreasing ) pairwise open soft set Ury containing v,
there is an increasing ( resp. decreasing ) total pairwise soft neighborhood Viy of v satisfies that

leg(VH) ; UH.

Proof.

Necessity: Let v € T and Uy be an 1 PO—soft set partially containing v. Then, Uf is DPO—soft
such that v ¢ Uf;. By hypothesis, there exist disjoint pairwise soft neighborhood er; of U and
ITPS—nbd Vi1 of v. So there is a PO—soft set wyy such that Ufj C wyy C eqq. Since Vip C efy, then
Vit € ef; C wij © U and since wfj is PC'—soft, then ci3,(Vir) T wf T Un.

Sufficiency: Let v € T and Ay be a DPC—soft set such that v ¢ A. Then Af be an I PO—soft
set containing v. So that, by hypothesis, there is an 1T PS—nbd Vi1 of v such that cl§,(Vir) T Af.
Consequently, (cl§,(Vir))¢ is a PO—soft set containing Ar. Thus d((clf,(Vir))¢) is a pairwise soft
neighborhood and decreasing of Ar;. Suppose that Vir d((cl3,(Vir))©) # ¢. Then there exists z € T
such that z € Viy and z € d((cl55(Vir))©). So there exists ¢ € ((cli5(Vir))¢(«) satisfies that z < (.
This means that ¢ € V(«). But this contradicts the disjointedness between Vi1 and (cl5,(Vir))©.

Thus Vi N d((cl§y(Vin))©) = ¢. This completes the proof.

A similar proof can be given for the case between parentheses. O

Theorem 5.4. An SBTOS (Y, n1, 12,11, <) is lower ( resp. upper ) PP (P*P)—soft regularly ordered
if and only if for all v € Y and every increasing ( resp. decreasing ) pairwise open soft set Ury containing
v, there is an increasing ( resp. decreasing ) partial pairwise soft neighborhood Vi of v satisfies that
cliy(Vir) C Un.

Proof. The proof is similar to the proof of Theorem 5.3. O
Proposition 5.12. Every T P— soft Ts—ordered space (Y, n1, 12,11, S) is PP—soft Ts—ordered.

Proof. The proposition’s proof establishes that the belong relation, denoted by €, can be extended
to a partial belong relation denoted by &. O
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Example 5.7. Let I = {e,, e, e} be a set of parameters, <= A U {(1,2)} be a partial order relation on
the set of natural numbers X. Define, 11 = {wn C Ryy such that 1 & wry or [1 € w(eg) and w is finite |}
and ng = {Fn T Ny such that 3 € F(e,), and F§ is finite}. Obviously, (X, 11, 12,11, <) is PP— soft
Ts—ordered . A soft subset Ay of (R, n1,1m2,11, ) is a decreasing pairwise closed soft set if [1 € A and
A is infinite | or [1 & A(eg), 3 & A eq) and A is finite |. To illustrate that (R, m1, 02, II, <) is not lower
PT—soft reqularly ordered, we define a decreasing soft closed set Ay as follows:

A = {(eow {17 2})7 (6,3’ {3}>7 (e’Y’ {1’ 2})}

Since 1 ¢ A and there do not exist disjoint soft neighborhoods er; and Vir containing A and 1,
respectively, then (X, ny,n2,11, <) is not lower PT—soft reqularly ordered. Hence (N, 11,12, 11, <) is not
T P—soft Ts—ordered.

Proposition 5.13. An SBTOS (Y, n1,n2,11, ) is T P—soft T5—ordered if and only if
T P*—soft T5—ordered.

Proof. On the one hand, v & wry implies that v ¢ wry, then T'P—soft Ts—ordered implies T P* —soft
T3—ordered. On the other hand, the definition of T'P*—soft T5—ordered implies that for every
decreasing ( resp. increasing ) pairwise closed soft set A;; and v € Y such that v ¢ Ay, there exist
disjoint pairwise soft neighborhood eyy of A\ and increasing ( resp. decreasing ) total pairwise soft
neighborhood Vi1 of v, such that eyy is decreasing ( resp. increasing ). Since ey and Viy are disjoint,
then v & Ay and Vv £ (, there exist an ITPS hyr of v such that ¢ & Air. Hence the definitions of
T P—soft Ts—ordered and T'P*—soft Ts—ordered are equivalent. O

Corollary 5.2. An SBTOS (Y, m,n2,11, S) is PP—soft Ts—ordered if and only if P P*—soft Ts—ordered.
Proposition 5.14. Every T P*— soft T5—ordered space (Y, 1, 12,11, <) is PP*—soft Ts—ordered.

Proof. The proof for the proposition states that the belong relation € implies a partial belong rela-
tion € . O

Example 5.8. From Example 5.7, an SBTOS (Y,m, 02,11, <) is PP*—soft T5—ordered but it is not
T P*—soft T5—ordered.

Proposition 5.15. The following three properties are equivalent if (X, n1, n2, I, <) is T P* —soft regqularly
ordered:

1. (C,m,m0, 10, <) is PSTo—ordered;
2. (T,m,ne, 1, <) is PSTy—ordered;
3. (T,m,ne, 10, <) is PSTy—ordered.

Proof. The direction 1) — 2) — 3) is obvious from Propositions 5.1, 5.2, 5.3.

To prove 3) — 1), let v,¢ € Y such that v £ (. Since (Y, n1, 72,11, <) is PSTy—ordered, then
it is lower pairwise soft 71 —ordered or upper pairwise soft T} —ordered. Say it is upper pairwise
soft Ty —ordered. From Theorem 5.1, we have that (i(v))r is PC—soft. Obviously, (i(v))n is in-
creasing and ¢ & (i(v))n. Since (Y, m1, 72,11, <) is T P*—soft regularly ordered, then there exist
disjoint DT PS—nbd er; of ¢ and pairwise soft neighborhood and increasing Vi1 of (i(v))r so Vir
is ITPS—nbd of v. Thus (T, n1,72,11, <) is PSTy—ordered. O

Corollary 5.3. The following three properties are equivalent if (X', 11,12, IL, <) is lower (upper) P*T—soft
reqularly ordered:
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1. (Y, m,m2, 10, <) is PSTy—ordered;
2. (Y,m,ne, 10, <) is PSTy—ordered;
3. (T,m1,me, 11, <) is LPSTy( resp. UPSTy)—ordered.
Proposition 5.16. Every T P*—soft Ts—ordered space (T, n1,n2, 11, <) is also PST,—ordered.

Proof. Proposition 5.15 implies that any 7' P*-soft T5-ordered space is also P.ST,—ordered. O

Here is an illustration that shows that the converse of Proposition 5.16 is not necessarily true.

Example 5.9. Let II = {en,eg} be a set of parameters, S= A U {(1,2)} be a partial order relation
on the set of natural numbers N. Define 1 = {wn T Nyy such that 1 € wyy and wg is infinite } and
n2 = {Fn C Ry such that 1 € Fj} U Ry Then (N, n1, 192,11, <) is a soft bitopological ordered space.
Obviously, (X, n1, 12,11, S) is PSTy—ordered. We have the following 6 cases:

Forv,( e R —{1,2}, v £ (:

1. Either 1 £ v. Then we define two soft sets er; and Vi as follows e = {(eq, {1,2}), (es, {1,2})}
and Vi1 = {(ea, {v}), (eg, {v})}. So eny is an ITPS—nbd of 1, Vi1 is a DT PS—nbd of v and

~

en NV = ¢.

2. Or v % 1. Then we define two soft sets erp and Vi as follows enp = {(eq, {v}), (es, {v})} and
Vit = {(ea, {1}), (ep, {1})}. So en is an ITPS—nbd of v, Vi is a DT PS—nbd of 1 and
gl VH = ¢

3. Or 2 £ v. Then we define two soft sets exy and Viy as follows ey = {(eq, {2}), (eg, {2})} and
Vit = {(ea, {v}), (eg, {v})}. So en is an ITPS—nbd of 2, Vi1 is a DT PS—nbd of v and
e M VH = gb

4. Or 2 £ 1. Then we define two soft sets ery and Vi as follows erp = {(eq, {2}), (eg, {2})} and
Vit = {(ea, {1}), (eg, {1})}. Soen isan ITPS—nbd of 2, Viyisa DT PS—nbd of 1 and eV = ¢.

5. Orv % 2. Then we define two soft sets ery and Vi as follows e = {(eq, {v}), (es,{v})} and
Vir = {(eq,{1,2}),(e5,{1,2})}. So en is an ITPS—nbd of v, Vi1 is a DT PS—nbd of 2 and
en NV = o¢.

6. Or v L (. Then we define two soft sets ery and Vi as follows ert = {(eq, {v}), (eg, {v})} and
Vit = {(ea, {¢}), (es, {¢})}. So e is an ITPS—nbd of v, Vi is a DT PS—nbd of ¢ and

en NV = ¢.

To illustrate that (R, n1, n2, IL, <) is not lower P*T —soft regularly ordered, we define a D PC —soft set Ar as

follows: At = {(ea»{1,2,4,5,...}), (es,{1,2,4,5,...})}. Since 3 & Apy and there do not exit disjoint pair-
wise soft neighborhoods exy and Viy of A and 3, respectively, then (X, n1, 02, I, <) is not lower P*T —soft
reqularly ordered, which implies that (R, 1, 12,11, <) is not T P*—soft Tz —ordered.

Definition 5.5. An SBTOS (Y, n1,n2,11, <) is said to be:

1. Soft pairwise normally ordered if for each disjoint PC —soft sets Fi; and Ary such that Fiy is increasing
and Ay is decreasing, there exist disjoint pairwise soft neighborhoods er; of Fri and Vit of At such
that ert is increasing and Vi is decreasing.
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2. T P—soft Ty—ordered if it is soft pairwise normally ordered and PSTY — ordered.

Theorem 5.5. An SBTOS (Y,m,n2,11, <) is soft pairwise normally ordered if and only if for every
decreasing ( increasing ) pairwise closed soft set Fi1 and every decreasing ( increasing ) pairwise soft neigh-
borhood Uy of Fiu, there is a decreasing ( increasing ) pairwise soft neighborhood Vi of F1i, satisfies that
cliy (Vi) C Un.

Proof.

Necessity: Let Fi; be a DPC—soft set and Uty be a pairwise soft neighborhood and decreasing
of Fr1. Then, Uf is an IPC—soft set and Iy N U5 = 5 Since (T, n1,m2,11, <) is soft pairwise
normally ordered, then there exist disjoint pairwise soft neighborhood Vi1 of Fi; and pairwise
soft neighborhood er; of Ufj. Since ey is a pairwise soft neighborhood of Uf;, then there exists a
PC—soft set Ay such that Uj; T A C epr. Consequently, €f; T Af C Uy and Vip T ef;. So it follow
that clj,(Vir) C cl§y(e§) T A C Upn. Thus Fi; C c55(Vin) C cfy(ef) T MG C Un. Hence the
necessity part holds.

Sufficiency: Let F}} and F? be two disjoint PC'—soft sets such that F}} is decreasing and F3 is
increasing. Then F3¢ is a D PO—soft set containing F};. By hypothesis, there exists a decreasing
pairwise soft neighborhood Vi of F} such that cl5,(Vir) T F3°. Setting At = Tr1 — cl55(Vir). This
means that \r is a PO—soft set containing F3. Obviously, F2 C A, F{i C Vipand A 1 Vi = o
Now, i(Anr) is a pairwise soft neighborhood and increasing of Fj%. Suppose that i(Ar) M Vip # 0.
Then there exists & € Il and v € Y such that v € i(Ag) and v € V(a) = d(V(«)). This implies
that there exist p € M(«) and § € V(«) such that p < vand v < 4. As < is transitive, then p < §.
Therefore 0 € Arp M Vip. This contradicts the disjointness between A and V7. Thus i(Ap) MVn = QAS
Hence the proof is completed.

A proof similar can be given for the statement inside the parentheses. O

Proposition 5.17. Every T P—soft Ty—ordered space (Y, n1,n2,11, <) is also T P*—soft Ts—ordered.

Proof. Let p € T and Fy; be a DPC—soft set such that p € Fyy. Since (Y, 1,72, II, <) is

PST*—ordered, then (i(p))n is an IPC—soft set and since (Y, 71,12, II, <) is soft pairwise nor-
mally ordered, then there exist disjoint pairwise soft neighborhood er; and Vi1 of (i(p))r and Fpy
respectively, such that epy is increasing and Viy is decreasing. Therefore, (T, 71, 72,11, <) is lower
P*T—softregularly ordered. If F1; is an I PC'—soft set, then we prove similarly that (Y, 9, 12,11, <)
is upper P*T—soft regularly ordered. Thus (Y, n1, 72, II, <) is T P*— soft regularly ordered. Hence
(C,m1,m2, 10, <) is T P*— soft Tz —ordered. O

The converse of the above proposition is not always true as illustrated in the following example.

Example 5.10. From Example (4.28) in [5], if we take 11 = {wn T Ny such that 1 € wr} and
n2 = {Fn C Ny such that 1 € F(«ag) and Fy is finite }. Then we have (X, 1y, 12,11, <) is T P*—soft
Ts—ordered, but it is not T P— soft Ty—ordered.

Theorem 5.6. The property of being a PST; (PST;, PST;, PST;*)—ordered space is soft bitopological
ordered property, for i = 0,1, 2.

Proof. We prove the theorem in case of PST; and the other follow similar lines.

Suppose that ¢, is an ordered embedding soft homeomorphism map of a PST>—ordered space
(C,m1,m2, 11, <y) ontoan SBTOS (T, 7,15, K, <2) and let v, € T such that v £, (. Then,
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v® Zs (%, Va € K. Since ¢y is bijective, then there exist p” and §° in Ty such that ¢y (p?) = v
and ¢, (6°) = ¢~ and since ¢y, is ordered embedding, then p? %; 6°. So p 1 b. By hypothesis,
there exist disjoint pairwise soft neighborhoods e and Vi1 of p and 9, respectively, such that ep
is increasing and Viy is decreasing. Since ¢, is bijective soft open, then ¢, (err) and ¢, (Vi) are
disjoint soft neighborhoods of v and ¢, respectively. It follows by Theorem 2.3, that ¢ (er) is
increasing and ¢, (V1) is decreasing. This completes the proof. O

Theorem 5.7. The property of being a T P*(PP*)—soft Ts—ordered space is soft bitopological ordered
property.

Proof. The proof is similar to the previous theorem O

Theorem 5.8. The property of being a T P—soft Ty—ordered space is soft bitopological ordered property.

Proof. Suppose that ¢, is an ordered embedding soft homeomorphism map of a soft pairwise
normally ordered space (T, 71, 72,11, S1) onto an SBTOS (T, nf, 13, K, S2) and let Aip and Fip be
two disjoint pairwise closed soft sets such that A is increasing and Fij is decreasing. Since ¢,
is bijective soft continuous, then qS;l()\H) and (b;l(FH) are disjoint PC'—soft sets and since ¢y, is
ordered embedding, then qS;l (An) is increasing and qﬁil (F11) is decreasing. By hypothesis, there
exist disjoint pairwise soft neighborhoods ey and Vi1 of qb;l (Am) and (@1 (F1), respectively, such
that eyy is increasing and Vi is decreasing. So A T ¢y () and Fii T ¢y, (Vir). The disjointness of
the soft neighborhoods ¢y, (er1) and ¢, (V1) completes the proof. O

6 Discussion

This paper presents the notion of decreasing and increasing pairwise soft sets and investigates
various associated properties. Notably, it is shown that the relative complement of an increasing
or decreasing pairwise soft set preserves the respective property. The main contribution of this
work is the construction of a Soft Bitopological Ordered Space (SBT'OS); (T, n1, 12,11, <), which
refines the given Soft Bitopological Space (SBT'S); (1,11, n2, II) by introducing a partial order re-
lation on the universe set Y. New ordered soft separation axioms, namely PST;-ordered spaces,
PSTp-ordered spaces, PST; -ordered spaces, and PST;*-ordered spaces, where i = 0,1, 2, are
introduced and shown to be strictly stronger than P-soft T;-ordered spaces as established by El-
Shafei et al. in 2019. In Theorem 3.2, it is demonstrated that the collection of increasing or de-
creasing open soft sets forms an increasing or decreasing soft topology, respectively. Addition-
ally, Proposition 5.15 investigates the conditions under which these PST;-ordered spaces, with
i =0,1,2, are equivalent.

Furthermore, the concept of a bi—ordered subspace is introduced and its hereditary property
within the framework of soft bitopological ordered spaces is examined. Soft bitopological ordered
properties are defined and their validity is confirmed for P.ST;-ordered spaces, PST;-ordered
spaces, PST;-ordered spaces, and PST;*-ordered spaces, where i = 0, 1, 2. Moreover, the prop-
erty of being a T'P-soft T5-ordered space is established as a soft bitopological ordered property.
The findings of this study have implications for the interpretation of an SBT'OS; (Y, n1, n2, 11, S).
It can be regarded as a Soft Topological Space (ST'S) when < is an equality relation and 7, = 5.
Similarly, it can be considered a topological ordered space if 11 is a singleton set and 7, = 7,. Fur-
thermore, an SBT'OS exhibits characteristics of a soft bitopological space when II is a singleton
set and < is an equality relation.
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Overall, the concepts introduced and the results obtained in this paper lay the groundwork for
further significant research in the field of soft bitopological ordered spaces. Future research direc-
tions will include the exploration of pairwise continuity in such spaces. By discussing the obtained
results and their interpretations, as well as their implications in the broader context of previous
studies and working hypotheses, this paper contributes to the advancement of knowledge in this
area.

7 Conclusion

In 1965, Nachbin [24] introduced the concept of topological ordered space, which combines
the properties of partial order relations and topological spaces. Later, in 1999, Molodtsov [23]
proposed the idea of "soft sets" to address issues related to uncertainty, vagueness, imprecision,
and incomplete data. Building upon these concepts, Ittanagi [16] introduced the notion of a soft
bitopological space.

In this paper, we introduced the concept of soft bitopological ordered spaces and established
some properties of them. We also introduced and studied the notions of increasing (decreas-
ing, balancing) pairwise open (closed) soft sets, increasing (decreasing, balancing) total (partial)
pairwise soft neighborhoods, and increasing (decreasing, balancing) pairwise open soft neigh-
borhoods. Additionally, we discussed the origins of increasing (decreasing) pairwise soft closure
(interior). This research is an important step towards understanding the properties of soft bitopo-
logical ordered spaces and their potential applications in decision making. Future work will focus
on exploring these applications in more depth. Through this research, a new class of bi—ordered
soft separation axioms, called PST;, PST?, PST;, and PST;* has been introduced and studied
for (i = 0,1,2). The concepts of belong, non-belong, partial belong, and total non-belong have
been considered to understand their relationships. To aid in understanding, examples have been
provided. In future research, we aim to explore new bi—ordered soft separation axioms by utiliz-
ing these concepts on supra soft topological spaces. We hope that this work will inspire further
research and advancements in the field of soft topology.
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